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BASIC PROBABILITY 

(most slides borrowed, with permission, from 
Andrew Moore of CMU and Google) 

http://www.cs.cmu.edu/~awm/tutorials 



Basic Definitions 



Experiments, Outcome and Events 
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Quick definition of probability  

Consider a set S with subsets A, B, ... 

Kolmogorov 
axioms (1933) 

From these axioms we can derive further properties, e.g. 















A 



A 

B 



Notation Digression 

 P(A) is shorthand for P(A=true) 

 P(~A) is shorthand for P(A=false) 

 Same notation applies to other binary RVs: 
P(Gender=M), P(Gender=F) 

 Same notation applies to multivalued RVs: 
P(Major=history), P(Age=19), P(Q=c) 

 Note: upper case letters/names for variables, lower 
case letters/names for values 

 For multivalued RVs, P(Q) is shorthand for P(Q=q) 
for some unknown q 
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Integration over nuisance variables 















R 

Q 
S 

P(H|F) = R/(Q+R) 
 
 
 
P(F|H) = R/(S+R) 





P(A = a1 | B) =

P(B | A = a1)P(A = a1)

P(B | A = ai )P(A = ai )
i

å
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The law of total probability 

Consider a subset B of  
the sample space S, 

B ∩ Ai 

Ai 

B 

S 

divided into disjoint subsets Ai 

such that ∪i Ai = S, 

→ 

→ 

→ law of total probability 

Bayes’ theorem becomes 
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An example using Bayes’ theorem 

Suppose the probability (for anyone) to have a disease D is: 

← prior probabilities, i.e., 
     before any test carried out 

Consider a test for the disease:  result is + or - 

← probabilities to (in)correctly 
     identify a person with the disease 

← probabilities to (in)correctly 
     identify a healthy person 

Suppose your result is +.  How worried should you be? 
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Bayes’ theorem example (cont.) 

The probability to have the disease given a + result is 

i.e. you’re probably OK! 

Your viewpoint:  my degree of belief that I have the disease is 3.2%. 

Your doctor’s viewpoint:  3.2% of people like this have the disease. 

← posterior probability 





















If you have joint distribution, you can perform any 
inference in the domain. 











e.g., model of the environment 









































Naïve Bayes Model 

P(Y | X1, X2 ,..., Xm) =

P(X1, X2 ,..., Xm |Y)P(Y)

P(X1, X2 ,..., Xm)

P(Y | X1, X2 ,..., Xm) =

P(X1 |Y)P(X2 |Y)...P(Xm |Y)P(Y)

P(X1)P(X2 )...P(Xm)

P(Y | X1, X2 ,..., Xm) ~ P(X1 |Y)P(X2 |Y)...P(Xm |Y)P(Y)







Statistics 

Probability For Data Miner 

 Statistical Significance 
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Outline of Today’s Class 

 Statistical Basics 

 Point Estimation 

 Models Based on Summarization 

 Bayes Theorem 

 Hypothesis Testing 

 Regression and Correlation 
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Thinking 

 Suppose you’re interested in the average 
amount of money that students in this class 
(the population) have on them.  How 
would you find out? 
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Statistical inference in general 

Population 

Sample 

Model 

Conclusions about the population is drawn from the sample with 

assistance from a specified model 
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Statistical Methods 

Statistical
Methods

Descriptive

Statistics

Inferential

Statistics

Estimation
Hypothesis

Testing

Statistical

Methods

Descriptive

Statistics

Inferential

Statistics

Estimation
Hypothesis

Testing
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Estimation Process 

Mean, , is 

unknown 

Population Random Sample 
I am 95% 

confident that  

is between 40 & 

60. 

Mean 

 X = 50 

Sample 

 

 

  

    
 

  
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Estimation Methods 

Estimation 

Point 

Estimation 

Interval 

Estimation 
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Point Estimation 

 We want to know the mean of a population.  However, it is 
unavailable.  

 

 Hence, we choose a sample data, and calculate from the 
choosing sample data. Then estimate that the population is 
also the same mean. 

 

 Point estimation: concerns the choosing of a statistic, that is, a 
single number calculated from sample data for which we have 
some expectation, or assurance, that is reasonably close the 
parameter it is supposed to estimate.  
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Point Estimation 

 Point Estimate: estimate a population parameter. 
 May be made by calculating the parameter for a 

sample. 
 May be used to predict value for missing data. 
 Ex:  

 R contains 100 employees 
 99 have salary information 
 Mean salary of these is $50,000 
 Use $50,000 as value of remaining employee’s salary.        

Is this a good idea? 
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Point estimation of a mean 

 Parameter: Population mean  

 

 Data: A random sample  

 

 Estimator:  

 

 Estimate of standard error:  
S

n

X

1 2, , ,
n

X X XK


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EX 

 Scientists need to be able to detect small amounts 
of contaminants in the environment. Sample data is 
listed as follows: 

 2.4 2.9 2.7 2.6 2.9 2.0 2.8 2.2 2.4 2.4 2.0 2.5 
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EX of point estimation 

 Compute the point estimator           and estimate its 
standard deviation      (also called the estimated 
standard error of    ). 

 

 Solution:  

X

X

29.8
2.483

12
x  

2 2 2

2
2 1 1

( )
75.08 (29.8) /12

0.09788
1 1 12 1

n n

i i

i i

x x x nx

s
n n

 
- - -   - - -

 

n



Hence the estimated standard  deviation is 0.09788/12 0.090
s

n

 
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Bias or Unbias 

 Question: is the estimation good enough? 

 

 EX. 

 In previous ex, as a check on the current capabilities, the 
measurements were made on test specimens spiked with a 
known concentration 1.25 ug/l of lead. That is the readings 
should average 1.25 if there is no background lead in the 
samples.  

 There appears to be either a bias due to  laboratory 
procedure or some lead already in the samples before they 
were spiked.  
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Unbiased estimator 

 Let       be the parameter of interest and  

            be a statistic.  

 A statistic      is said to be an unbiased estimator, or 
its value an unbiased estimate, if and only if the 
mean of the sampling distribution of the estimator 
equals      , whatever the value of     . 

 

 

̂
 

̂
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Estimation Error 

 Bias: Difference between expected value and actual 
value. 
 

 

 Mean Squared Error (MSE): expected value of the 
squared difference between the estimate and the 
actual value: 
 
 

 Why square? 
 Root Mean Square Error (RMSE) 
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Jackknife Estimate 

 Jackknife Estimate: estimate of parameter is obtained 
by omitting one value from the set of observed 
values. 
 Treat the data like a population 

 Take samples from this population 

 Use these samples to estimate the parameter 

 Let θ(hat) be an estimate on the entire pop. 

 Let θ(j)(hat) be an estimator of the same form with 
observation j deleted 

 Allows you to examine the impact of outliers! 
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Maximum Likelihood Estimate (MLE) 

 Obtain parameter estimates that maximize the 
probability that the sample data occurs for the 
specific model. 

 Joint probability for observing the sample data by 
multiplying the individual probabilities.  Likelihood 
function: 

 

 

 Maximize L. 
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MLE Example 

 Coin toss five times: {H,H,H,H,T} 

 Assuming a perfect coin with H and T equally likely, 

the likelihood of this sequence is:  

 

 

 However if the probability of a H is 0.8 then: 
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MLE Example (cont’d) 

 General likelihood formula: 

 

 

 

 

 

 

 

 

 Estimate for p is then 4/5 = 0.8 

 

 



MLE Example (cont’d) 



 A hypothesis is an 
assumption about the 
population parameter. 

 A parameter is a 
characteristic of the 
population, like its 
mean or variance. 

 The parameter must  
be identified before 
analysis. 

I assume the mean AGE of 

this class is 50!!! 

Am I correct? TEST IT! 

© 1984-1994 T/Maker Co. 

What is a Hypothesis Of a test? 



 States the Assumption (numerical) to be 
tested 

  e.g. Our class mean age is 50  (H0: µ=50 ) 

 Begin with the assumption that the null   
 hypothesis is TRUE.  

(Similar to the notion of  innocent until proven 
guilty) 

The Null Hypothesis, H0 

The Null Hypothesis may or may not be rejected,but our aim 
is to REJECT the null hypothesis! 



 Is the opposite of the null hypothesis 
 e.g. The average age of our class is 
different from 50  (H1: µ ≠50) 

 

 Is generally the hypothesis that is 
believed to be true by the researcher! 

The Alternative Hypothesis,  H1 



 Steps: 
 State the Null Hypothesis 

 State its opposite, the Alternative 
Hypothesis 

Hypotheses are mutually exclusive & 
exhaustive 

Sometimes it is easier to form the 
alternative hypothesis first. 

Identify the Problem  



Assume the 

population 

mean age is 50. 

(Null Hypothesis) 

REJECT 

The Sample 

Mean Is 20 

Population 

Sample 
Null Hypothesis 

      
IsX =20 @ m =50?

Hypothesis Testing Process 

No, not likely! 
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– Since the     is much larger than 350, the mean  is 
likely to be greater than 350. Reject the null 
hypothesis. 

x

355x

Example 

 = 350 

• Assume the null hypothesis is true (= 350).  

450x

 

– In this case the mean  is not likely to be greater 
than 350. Do not reject the null hypothesis. 



Sample Mean µ = 50 

Sampling Distribution 
Our sample mean 

(20) falls in the 

tails!It’s not likely! 

Hypotyzed population mean. 

we reject the null 

hypothesis that µ = 

50. 

20 

H0 

Reason for Rejecting H0  

Observed population mean 



 Defines the Rejection region  

 

  Typical value of a is 0.05. It Provides the 
Critical Value(s) of the Test 

Level of Significance, α 

α 

   0 

Critical          

Value Rejection Regions 

“Area” of the  
Rejection region  



Level of Significance, α and the 

Rejection Region 

H0:   0   

H1:  < 0 

H0:   0  

H1:  > 0 

H0:   0    

H1:   0 

a 

a 

 a/2 

   0 

0 

    

Critical          

Value(s) 

Rejection Regions 

0 

One tail (left) test 

One tail (right) test 

Two tails test 



 Type I Error 
 Reject Null Hypothesis when it is True 
( False Positive ) 

 Has Serious Consequences 

 Probability of Type I Error Is α 

Called Level of Significance 

 Type II Error 
 Do Not Reject Null Hypothesis when it is 
False ( False Negative ) 

 Probability of Type II Error Is β       ( 
Power 1- β )  

Errors in Making Decisions 



a 
b 

Reduce probability of one 

error and the other one 

goes up. 

a  & b  Have an Inverse 

Relationship 

One possibility: Increase the sample size!!!! 



 The p-value is the Probability of Obtaining a Test Statistic (under 
H0) more Extreme  or ) than the observed Sample Value 

 

 

 

 

 

 Used to Make Rejection Decision 

 

 If p value < a    Reject H0   SUCCESS 

 

 If p value  a    Do Not Reject H0   FAILURE 

 

What is the p Value and how to use it in a 

Test? 

p 

   0 

One tail test Observed

Sample 

Value 



t 0 

a 
Reject H 

0 

t 0 

Reject H 
0 

a 

H0:      

H1:   < 0 
H0:    0  

H1:   > 0 

Must Be Significantly below  = 0 
Small values don’t contradict H0  Don’t Reject 

H0! 

Rejection Region (one tail) 
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 The p-value provides information about the amount of 
statistical evidence that supports the alternative 
hypothesis. 

–  The p-value of a test is the probability of observing a  
 test statistic at least as extreme as the one computed,  
 given that the null hypothesis is true. 

P-value Method 
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0069.)4615.2z(P

)
40065

170178
z(P


-

170x 
178x 

The probability of observing a  
test statistic at least as extreme as 178,  
given that  = 170 is… 

The p-value 

P-value Method 

)170when178x(P 



 Assumptions 
 Population is normally distributed 

 If not normal, only slightly skewed & a large 
sample taken (Central limit theorem applies) 

 Parametric test procedure (sample stat. is 
the sample mean!) 

 t test statistic, with n-1 degrees of 
freedom 

paired t-Test: s Unknown (rigth and left 

eye)  

t =

X - m

S
n
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 Because the probability that the sample mean will 
assume a value of more than 178 when  = 170 is 
so small (.0069), there are reasons to believe that   > 170. 

178x 
170:H

x0


170:H
x1



              
…it becomes more  
probable under H1,  
when  

170
x



Note how the event 
            is rare under H0 
when                but... 

178x 
,170

x


Interpreting the p-value 
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178x 
170:H

x0


170:H
x1



We can conclude that the smaller the p-value  
the more statistical evidence exists to support the 
alternative hypothesis. 

Interpreting the p-value 
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 Describing the p-value 

 If the p-value is less than 1%, there is overwhelming 

evidence that supports the alternative hypothesis. 

– If the p-value is between 1% and 5%, there is a 
strong evidence that supports the alternative 
hypothesis. 

– If the p-value is between 5% and 10% there is a 
weak evidence that supports the alternative 
hypothesis. 

– If the p-value exceeds 10%, there is no evidence 
that supports the alternative hypothesis. 

Interpreting the p-value 
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 The p-value can be used when making decisions as 
follows: 
 Define the hypotheses to test, and the required 

significance level a. 
 Perform the sampling procedure, calculate the test 

statistic and the p-value associated with it. 

 Compare the p-value to a. Reject the null hypothesis 
only if p-value <a; otherwise, do not reject the null 
hypothesis.  

The p-value 

34.175x
L



a = 0.05 

170x 
178x 

The p-value method 



In few words the other tests: 

 If you want to compare more then two populations 
means when you observe 1 characteristic: one way 
Anova Test  

 If you want to compare more then two populations 
means when you observe 2 characteristic: two 
way Anova Test 

 If you want to compare two populations variance: 
F-test 

 If you want to compare two populations 
proportions: Chi-square test 
 



Remark 

 If you have counts…or few data YOU ARE 
NOT ALLOWED TO USE T-TEST!!! 

 Any test is build upon conjecture about the 
shape of the null distributions…again if you 
have few data or any doubt…please contact 
us! 

 If you just want to have a summary about 
your data, then use the descriptive 
statistic excel sheet 
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 If we reject the null hypothesis, we conclude that 
there is enough evidence to infer that the 
alternative hypothesis is true. 
 

 If we do not reject the null hypothesis, we 
conclude that there is not enough statistical 
evidence to infer that the alternative hypothesis 
is true. 

The alternative hypothesis 
is the more important 
one.  It represents what 
we are investigating. 

Conclusions of a Test of Hypothesis 


