LECTURE 4: PROBABILITY & STATISTIC
FOR DATA MINIER



BASIC PROBABILITY

(most slides borrowed, with permission, from
Andrew Moore of CMU and Google)

http: / /www.cs.cmu.edu/~awm /tutorials



Basic Definitions
B

* Experiment

— A procedure or an operation that yields one of a given set
of possible outcomes

* Qutcome
— A specific result of an uncertain experiment

* Sample space
— The set of all possible outcomes of an experiment

* Event
— A subset of the sample space
— A single outcome is also an event



Experiments, Outcome and Events
—r

Experiment Qutcome Sample Space

1. Toss a coin Obtain a head S={H, T}

2. Roll a die twice Obtain 3 then 5 S={(i,])i=1,..86,
3. Take CS5340 Obtain a B grade

Experiment Event A Relation to S

1. Toss a coin Obtain a head or tail A=S

2. Roll a die twice Obtain total of 8

3. Take CS5340 Obtain a passing grade

S={A+ A, .., D+ D,F}

A=1{(6,2),(3,3).(4.4).(3.5).(2,6) }

A={A+ A, ... D+ D}



Quick definition of probability
—

Consider a set S with subsets A, B, ...

Forall AC S,P(A) >0
P(S)=1

If ANB=0,P(AUB) = P(A) + P(B)

Kolmogorov

axioms (1933)

From these axioms we can derive further properties, e.g.

P(A) =1-PA)

P(AUA)=1

P(@) =0

if A C B, then P(A) < P(B)
P(AUB) = P(A)+ P(B) - P(AN B)
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Discrete Random Variables

e Ais a Boolean-valued random variable if A
denotes an event, and there is some degree
of uncertainty as to whether A occurs.

e Examples

e A = The US president in 2023 will be male

e A = You wake up tomorrow with a
headache

e A = You have Ebola
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Event space of

all possible —_
worlds

Its area is 1"’/
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Visualizing A

Worlds in which

A s true

Worlds in which A is False

P(A) = Area of
reddish oval

chide &




The Axioms of Probability

e 0 <=PA) <=1

(

rue) = 1

P(False) = 0

P(A or B) = P(A) + P(B) - P(A and B)




e 0 <= P(;":'t) <=1

e P(True) =1

e P(False) =0

e P(AorB)=P(A) + P(B) - P(A and B)

Copyright £ Andrew W. Moore

Interpreting the axioms

The area of A can't get
any smaller than 0

And a zero area would
mean no world could
ever have A true
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Interpreting the axioms

e (0<= P(A) <=1

e P(True) =1

e P(False) =0

e P(AorB)=P(A) + P(B) - P(A and B)

The area of A can't get
any bigger than 1

And an area of 1 would

mean all worlds will have
A true

jCopyright £ Andrew W. Moore Slide 10




Interpreting the axioms

0<=PA) <=1

P(True) =1

P(False) = 0

P(A or B) = P(A) + P(B) - P(A and B)

A
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Theorems from the Axioms

e 0<=P(A) <=1, P(True) =1, P(False) = 0

e P(AorB) =P(A) + P(B) - P(A and B)
From these we can prove:
P(not A) = P(~A) = 1-P(A)

2

e How?




Another important theorem

e 0<=P(A) <=1, P(True) =1, P(False) =0
e P(AorB)=P(A) + P(B) - P(A and B)
From these we can prove:
P(A) = P(A N B) + P(A " ~B)

e




Notation Digression

P(A) is shorthand for P(A=true)
P(~A) is shorthand for P(A=false)

Same notation applies to other binary RVs:
P(Gender=M), P(Gender=F)

Same notation applies to multivalued RVs:
P(Major=nhistory), P(Age=19), P(Q=c)

Note: upper case letters/names for variables, lower
case letters/names for values

For multivalued RVs, P(Q) is shorthand for P(Q=q)
for some unknown g



Multivalued Random Variables

e Suppose A can take on more than 2 values

e Ais a random variable with arity kif it can
take on exactly one value out of {v,v,, ..

Vit
e Thus...

P(A=VM\A=V})=Oiff¢j
P(A=vivA=v,vA=v,)=1
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An easy fact about Multivalued
Random Variables:

e Using the axioms of probability...
0 <=P(A) <=1,P(True) =1, P(False) = 0
P(A or B) = P(A) + P(B) - P(A and B)

e And assuming that A obeys...

P(A=V;K\A=vj)=0iff¢j
PA=v,vA=v,vA=v,)=1
o It's easy to prove that

P(A=v,vA=v,vA=v,)= ZP(A V)

Jj=
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Another fact about Multivalued
Random Variables:

e Using the axioms of probability...
0 <=P(A) <=1, P(True) =1, P(False) = 0
P(A or B) = P(A) + P(B) - P(A and B)
e And assuming that A obeys...
P(A=vinA=v)=01ti#
P(A=v,vA=v,vA=v,)=1

e [t's easy to prove that

P(BA[A=v,vA=v,vA=v]) = ZP(B;\A V)
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Another fact about Multivalued
Random Variables:

e Using the axioms of probability...
0 <=P(A) <=1, P(True) = 1, P(False) = 0
P(Aor B) = P(A) + P(B) - P(A and B)

e And assuming that A obeys...

P(A=V;AA=VJ-)=0iff;&j
P(A=v,vA=v,vA=v,)=1
e It's easy to prove that

P(BA[A=v,vA=v,vA=v]) = ZP(B;\A V)

e And thus we can prove r

P(B) = ZP(BAA V)

Integration over nuisance variables
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Conditional Probability

e P(A|B) = Fraction of worlds in which B is
true that also have A true

H = "Have a headache”
F = "Coming down with Flu”

P(H) = 1/10
P(F) = 1/40
P(H|F) = 1/2

an,

| “"Headaches are rare and flu
J ; is rarer, but if you're
coming down with ‘flu
there’s a 50-50 chance
you'll have a headache.”
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Conditional Probability

H = “"Have a headache”
F = "Coming down with Flu”

P(H) = 1/10
P(F) = 1/40
P(HIF) = 1/2

Copyright £ Andrew W. Moore

P(H|F) = Fraction of flu-inflicted
worlds in which you have a
headache

= #worlds with flu and headache

#worlds with flu

= Area of "H and F” region
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Definition of Conditional Probability

Corollary: The Chain Rule
P(A " B) = P(A/B) P(B)
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* Rewriting the definition for conditional probability,
the probability that both A and B occur is:

P(ANB) = P(B|A)P(A) = P(A|B)P(B)

* The probability that A and B both occur is the
probability that B (A) occurs times the probability
that A (B) occurs, given that B (A) has occurred.

* Extending to multiple events:
P(A,NA, N ... NA,)
=P(A | A,NA,N .. NA_,) ... P(A;] A,NA,)P(A,|A,)P(A,)

=P(A,)P(A,|A;) P(As] AJNA,) ... P(A | A;,NA,N .. NA,)



WHOA! WE SHOULD GET INSIDE!

" e ITS OKAY! LIGHTNING ONLY KILLS
" S ABOUT Y5 AMERICANS A YEAR, SO
THE CHANCES OF DYING ARE DMLY
ONE IN 7000000. LET's GO ON!

.'j

¥

THE ANNUAL DEATH RATE AMONG PEORPLE
WHO KNOW THAT STARTISTIC 1S ONE IN SIX.



Probabilistic Inference

One day you wake up with a headache. You think: “Drat!
aches so I must have a

50% of flus are associated with head

H = “Have a headache”
F F = "Coming down with Flu”
R
L)), P(H) = 1/10
P(H|F) = 1/2

rr

50-50 chance of coming down with f

[s this reasoning good?

Copyright € Andrew W. Moore

U

Slid= 29




Probabilistic Inference

:
(o]
s ),

J

P(H|F) = R/(Q+R)

P(FIH) = R/(S+R)

Copyright £ Andrew W. Moore

H = “"Have a headache”

F = "Coming down with Flu”

P(H) = 1/10
P(F) = 1/40
P(HIF) = 1/2




What we just did...

P(A~B) P(A|B) P(B)

This is Bayes Rule

Bayes, Thomas (1763) An essay
towards solving a problem in the
doctrine of chances. Philosophical
Transactions of the Royal Society of
London, 53:370-418

Copyright © Andrew W. Moore
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More General Forms of Bayes Rule

P(B| AP(A)
P(B| AP(A)+ P(B|~ A)P(~ A)

P(A|p) =

P(B|AANX)P(ANX)
P(BAX)
PBIA=a)P(A=3a)
P(BIA=a)P(A=a)

|

P(AIBAX)=

RA(A=3g | B)=




The law of total probability

Consider a subset B of S

the sample space S, \

divided into disjoint subsets A,
such that U. A, = S,

7 B=BNS=BnN(U;A;) =U;(BNA,;), BOA

~ P(B) =P(Ui(BNA))=%; P(BNA;)

— P(B) — ZZ P(B|AZ)P(AZ) law of total probability
P(B|A)P(A)

Bayes’ theorem becomes P(A|B) —

>.i P(B|A;) P(A;)
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An example using Bayes’ theorem

Suppose the probability (for anyone) to have a disease D is:
P(D) = 0.001
P(no D) = 0.999

Consider a test for the disease: result is + or —

P(+|D) = 0.98 -
P(—|D) = 0.02
P(+no D) = 0.03 —

P(—noD) = 0.97

Suppose your result is +. How worried should you be?



Bayes’ theorem example (cont.)

The probability to have the disease given a + result is

P(+|D)P(D)

p(D[+) = P(+|D)P(D) + P(+|no D)P(no D)

0.98 x 0.001
0.98 x 0.001 + 0.03 x 0.999

= 0.032 <« posterior probability

i.e. you're probably OK!
Your viewpoint: my degree of belief that | have the disease is 3.2%.

Your doctor’s viewpoint: 3.2% of people like this have the disease.
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The Joint Distribution ... soesn

variables A, B, C

Recipe for making a joint distribution
of M variables:
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The Joint Distribution ... sesn

variables A, B, C

Recipe for making a joint distribution
of M variables:

1. Make a truth table listing all
combinations of values of your
variables (if there are M Boolean
variables then the table will have
2" rows).

Copyright £ Andrew W. Moore

B

(
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1

1

(

[

1

1
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The Joint Distribution .....c: s

variables A, B, C

Recipe for making a joint distribution
of M variables:

1. Make a truth table listing all
combinations of values of your
variables (if there are M Boolean
variables then the table will have
2" rows).

2. For each combination of values,
say how probable it is.

Copyright £ Andrew W. Moore

Prob

.30

(1.05

.10

(1.05

(.05

0.10

.25

0.10
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The Joint Distribution ...,c: s

variables A, B, C

Recipe for making a joint distribution A ° ¢ Prob
- L) {1 ( 1,30
of M variables:
{0 { 1 1.05
o 0 1 0 0.10
1. Make a truth table listing all . . N 008
combinations of values of your . - - “'[,5
variables (if there are M Boolean . - . T
variables then the table will have . N . 0.5
M .
2 FDWS). 1 1 1 0.10

2. For each combination of values,
say how probable it is.

3. If you subscribe to the axioms of ’B/ f? 05 / c:r 05 \
probability, those numbers must B

sum to 1. \ WF\\/
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0.263122

0.0245895 |
0.0421768 |}
0.0116293 ||

0331313

0.0271295 [N
0.134106 |
0.105233 |G

gender hours_worked wealth
Female v0:40.5- poor
= rich
U S I n g th e v1:40.5+ poor
= rich
J OI nt Male v0:40.5- poor
rich
v1:40.5+ poor
rich
One you have the JD you can P(E) =

ask for the probability of any

logical expression involving

your attribute

Copyright i© Andrew W, Moore

Z P(row)

rows matching E
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Using the
Joint

P(Poor Male) = 0.4654

Copyright © Andrew W. Moore

gendar huurs_worls:ad weallh
Female v0:40.5- poor 0.253122 |G
rich  0.02453895 |
v1:40.5+ poor 0.0421768 [
rich 00116293 |
Male  v040.5- poor  0.331313 N
rich  0.0971295 R
v1:40.5+ poor 0.124106 IR
richn  0.105933 [N
P(E) = z P(row)

rows matching E
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Using the
Joint

P(Poor) = 0.7604

Copyright £ Andrew W. Moore

gendar naurs_worked wealth
Female v0:40.5- poor  0.253122 VNG
rich  0.0245895 |
v1:40.5+ poor 0.0421768 N}
rich 00116293 |
Male  v040.5 poor  0.331313 VI
rich 0.0871295 N
v1:40.5+ poor 0.134106 NN
rich  0.105932 [N
P(E) = ZP(I‘OW)

rows matching E
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Inference |rumse wios
With the v1:40.5+
Joint vae 005,

v1:40.5+

gender hours_worked wealth

poor 0263122 |

rich  0.0245895 [
poor 0.0421768 [
rich  0.0116293 |

poor  0.331313 |

rich  0.0971295 N
poor 0.134106 |
rich  0.105333 [N

P(E,AE,)
P(E))

P(E, | E,)=

Copyright € Andrew W. Moore

Z P(row)

rows matching E; and E;

z P(row)

rows matching E,
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gender hours_worked ‘wealth

I nfe re n Ce Female v0:40.5- poor  0.253122 N EENEGGEE
. rich  0.0245895 ]
W I th th e v1:40.5+ poor 0.0421768 B}
rich  0.0116293 ||

JOInt @m v0:40.5- ooor  0.331313 D

rich  0.0971295 R

rd
!_ v1:40.5+ poor  0.134106 )

rich  0.105233 |

Z P(row)
P(El A Eg ) _ rows matching E; and E,

P(E,) - ZP(row)

rows matcl 1111'0 En

P(E, | E)) =

P(Male | ) = 0.4654 / 0.7604 = 0.612
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Inference is a big deal

e I've got this evidence. What's the chance

that this conclusion is true?

e ['ve got a sore neck: how likely am I to have meningitis?

e [ see my lights are out and it's 9pm. What's the chance
my spouse is already asleep?

Copyright © Andrew W. Moore Slide 49




Where do Joint Distributions
come from?

e Idea One: Expert Humans

e Idea Two: Simpler probabilistic facts and
some algebra

Example: Suppose you knew
P(A) = 0.7 P(C/IA~B) = 0.1
P(C|A~~B) = 0.8 Then you can automatically
P(B|JA) = 0.2 P(C|~A”B) =0.3 compute the JD using the
P(B|~A) = 0.1 P(C|~A~~B)=0.1  chainrule

In another lecture:
P(A=x ™ B=y ~ C=2) = Bayes Nets, a
P(C=z|A=x" B=y) P(B=y|A=X) P(A=x) systematic way to
do this.
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Where do Joint Distributions
come from?
e Idea Three: Learn them from data!




Learning a joint distribution

Build a JD table for your
attributes in which the
probabilities are unspecified

The fill in each row with

records matching row

P(row) =
A B C Prob total number of records
{ L) () ?
0 0 1 7 A B C Prob
0 1 i ? 0 0 0 0.30
0 1 1 7 (] 0 1 0.05
1 0 0 ? [ 1 0 .10
1 [h] 1 ? (] 1 1 (.05
1 1 0 ? 1 0 0 .05
1 1 1 ? 1 0 1 0.10
1 1 0 0.25
Fraction of all records in which 1 - k i

A and B are True but C is False

Copyright i© Andrew W. Moore
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Example of Learning a Joint

e This Joint was
obtained by
learning from
three
attributes in
the UCI
“Adult”
Census
Database
[Kohavi 1995]

Copyright © Andrew W. Moore

gender hours_worked wealth

Female v0:40.5- poor
rich

v1:40.5+ poor
rich

Male v0:40.5- poor
rich

v1:40.5+ poor
rich

0253122 I

0.0245895 |}
0.0421768 [}
0.0116293 |

0331313 I

0.0971295 R
0.124106 |
0.105233 |
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Density Estimation

e QOur Joint Distribution learner is our first
example of something called Density
Estimation

e A Density Estimator learns a mapping from
a set of attributes to a Probability

Input
Attributes

Copyright £ Andrew W. Moore

= E1E » Probabili
| Estimator v

e.g., model of the environment




Density Estimation
e Compare it against the two other major

kinds of models:

Input
Attributes

Input
Attributes

Input
Attributes

Copyright © Andrew W. Moore

Classifier

Density
» Estimator

|

» Regressor

Prediction of
categorical output

~ Probability

Prediction of
real-valued output
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Evaluating Density Estimation

Test-set criterion for estimating performance

on future data -—

Input
Attributes

-
"

L 2 .
t Classifier-

[
|

Input

Attributes

Estimator

E Density |

-

Input

Attributes

Copyright € Andrew W. Moore

Prediction of
categorical output

~Probability

Prediction of

*Regressor
| =

>

real-valued output

P

Test set
Accuracy

?

Test set
Accuracy
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Evaluating a density estimator

e Given a record X, a density estimator M can
tell you how likely the record is:

P(x|M)

e Given a dataset with R records, a density
estimator can tell you how likely the dataset

S.

(Under the assumption that all records were independently
generated from the Density Estimator’s JD)

”~ ”~ R "~
P(dataset| M) = P(x;, AX,... AX M) =] [ P(x,|M)
k=1
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A small dataset: Miles Per Gallon

mpg  modelyear maker

good (Thtord asia

bad |TDtofd amenca
1 92 bad Thiord eurmpe

bad | 7Dtord america

Training bad 70tord  amenca
bad T0tord asia
SEt bad TOtord asia

Records bad 75t078  amenca

bad |70tord amenca
good TO9toB3  amerca
bad |7otofd amenca
good TotoB3  amerca
bad |75iof8 amenca
good  7Otos3 amernca
good To9ioB3  amenca
bad |T0to74 amenca
good | ThtovA europe

bad |T5tord europe

From the UCI repository (thanks to Ross Quinlan)

Copyright © Andrew W. Moore
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A small dataset: Miles Per Gallon

mpd modelyear maker

mpg |modelyear maker bad 70074 america 027551 [

asia 00255102

good | Thto7d asia

1 9 2 bad |70to74 |america europe  0.0153061 [
bad 7htofd elrnpe . ; a-
Traini T R 75077 america 0153061 [N
ral nl n g bad TOto74 amerca a=is 00255102 .
SEt bad TOtofd asia
bad [70io74 |asia europe  0.0357143 [l
Records bedt: |iAony. | Suneii 78083 america 00561224 [
asia Mever
bad (70tord4 |america ewrope  Never
good | 79tod3 ameqca good TOto7 4 america 0.0102041 I
bad | Thtofd amernca
good [ToioB3 amenca Asia 0.03061 22

bad |75tor8 amenca

good [79toB3  america ewope 00459154 [l

good | 79i083  amenca 75077 america 00305122 [l
bad |70tof4 |america _ ]
good |75to78  |europe asia 00408163

bad |/olo/s |eurpe europe 00357143 [}

7oto83  america 0112245 |GG
asia no71422: [

europe 00357143 [}

NCopyright £ Andrew W. Moore
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A small dataset: Miles Per Gallon

mpg modelyear maker

mpd  modelyesr  maker

bad /Mo’4 america

027551

_ asia 00255102 ]
good |75tofa asia
1 9 2 bad | TOtord amenca europe 00153061 l
bad | 75to78 elrmpe , x
Teait e T 75077 america 0153051 (RGN
ral HI n g bad |TOto74 amernca asia 0.0755102 .
SEt bad T70Oto7d asia _
bad 70to74 |asia eurcpe 00357143 [l
| [ A i — =
R

P(dataset| M) = 15(3;1 Ay X

— (in this case) =3.4x 107"

M) =T]P(x/M)

k=1

Copyright £ Andrew W. Moore

T I [= |1 S L T
asia

surope

CARTAEEE S
an714286 R
0.0357143 [l
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Log Probabilities

Since probabilities of datasets get so
small we usually use log probabilities

) R R )
log P(dataset|M) =log [ [ P(x,/M) = > log P(x,|M)
k=1 k1
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A small dataset: Miles Per Gallon

mpg
good
192 Bac
Training bad
Set e

= I

modelyear maker
Tatafa asia
TOtoT4 amernca
Tatofa eunpe
TOtof4 amernca
TOtoT4 america
TOtoT4 asia
Tltord

s o

asia

mpy  modelyear maker

bad 70to74  america 027551 |
asia 00255102 ||
surope  0.0153061 |
75077 america 0153051 (KGR
asia 00255102 ||}
europe 00357143 [l

— (1n this Lase) ——466. 19

log P(dataset|/M) = log H P(x,!

X, |M)

Copyright £ Andrew W. Moore

asia 00714285 [

europe  0.0357143 [l
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Summary: The Good News

e \We have a way to learn a Density Estimator
from data.

e Density estimators can do many good
things...

e Can sort the records by probability, and thus
spot weird records (anomaly detection)

e Can do inference: P(E1|E2)
Automatic Doctor / Help Desk etc

e Ingredient for Bayes Classifiers

Copyright i© Andrew W, Moore Slide 65




Summary: The Bad News

e Density estimation by directly learning the
joint is trivial, mindless and dangerous




Using a test set

Set Size Log likelihood
Training Set 196 -466.1905

Test Set 196 -614.6157

An independent test set with 196 cars has a worse log likelihood

(actually it's a billion quintillion quintillion quintillion quintillion
times less likely)

....Density estimators can overfit. And the full joint density
estimator is the overfittiest of them all!
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Overfitting Density Estimators

mpy modelyear maker
\baﬂ T0to74 america 0.27551

If this ever happens, it means
there are certain combinations
that we learn are impossible

asia 00255102 |
europe  0.0153061 [
america 0153051 |G
asia 00255102 i
00357143

TetoB3 aimiica 00561224 -

europe  Mever

good 70to74 america 00102041 |
Vo B T . M L 1 -

-~ R e R -~
log P(testset|M) = log [ [ P(x,|M) = > log P(x, M)
F=1 =

=—owif forany ﬁ(kazi’) =

| T =L === R = -

fCopyright © Andrew W. Moore
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Using a test set

Set Size Log likelihood
Training Set 196 -466.1905
Test Set 196 -614.6157

The only reason that our test set didn't score -infinity is that my
code is hard-wired to always predict a probability of at least one
in 1020

We need Density Estimators that are less prone
to overfitting
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Nalve Density Estimation

The problem with the Joint Estimator is that it just
mirrors the training data.

We need something which generalizes more usefully.

The naive model generalizes strongly:

Assume that each attribute is distributed
independently of any of the other attributes.
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A note about independence

e Assume A and B are Boolean Random
Variables. Then

“A and B are independent”
if and only if
P(A|B) = P(A)

e "A and B are independent” is often notated

® 41B




Independence Theorems

e Assume P(A|B) = P(A) |e Assume P(A|B) = P(A)
e Then P(A\B) = * Then P(B|A) =

= P(A) P(B) = P(B)




Multivalued Independence

For multivalued Random Variables A and B,

ALPB
if and only if

Vu,v:P(A=u|B=v)=P(A=u)
from which you can then prove things like...

Vu,v:P(A=unB=v)=P(A=u)P(B =v)
Vu,v:P(B=v|A=v)=P(B=v)




Using the Naive Distribution

e Once you have a Naive Distribution you can easily
compute any row of the joint distribution.

e Suppose A4, B, Cand D are independently
distributed. What is P(AN~BACN~D)?
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Using the Naive Distribution

e Once you have a Naive Distribution you can easily
compute any row of the joint distribution.

e Suppose A, B, C and D are independently
distributed. What is P(AN~BACA~D)?

= P(A|~B~ACA~D) P(~BACA~D)
= P(A) P(~BACA~D)

= P(A) P(~B|CA~D) P(CA~D)

= P(A) P(~B) P(CA~D)

= P(A) P(~B) P(C|~D) P(~D)

= P(A) P(~B) P(C) P(~D)
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Naive Bayes Model

PX, X,,... X | Y)P(Y)
PX, X,,.., X )

PIYI X, X, X)) =

P(X IVPX,1Y)...PCX_ I Y)P(Y)
PYI X, X,,... X )=
oz mim P(X)P(X,)...P(X)

PIYIX, X, X))~ POX IY)POX, IYY..PCX, | Y)PY)



Contrast
Joint DE Naive DE

Can model anything Can model only very
boring distributions

No problem to model "C |Outside Naive’'s scope
IS a noisy copy of A”

Given 100 records and more than 6 | Given 100 records and 10,000
Boolean attributes will screw up multivalued attributes will be fine
badly

Copyright € Andrew W. Moore Slide 81




Reminder: The Good News

e \We have two ways to learn a Density
Estimator from data.

e *In other lectures we’ll see vastly more
impressive Density Estimators viure Models,

Bayesian Networks, Density Trees, Kernel Densities and many more)

e Density estimators can do many good
things...
e Anomaly detection
e Can do inference: P(E1|E2) automatic Doctor / Help Desk etc
e Ingredient for Bayes Classifiers
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Statistics

S
Probability For Data Miner

o Statistical Significance



Outline of Today’s Class

Statistical Basics
Point Estimation
Models Based on Summarization
Bayes Theorem
Hypothesis Testing

Regression and Correlation
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Thinking

Suppose you're interested in the average
amount of money that students in this class
(the population) have on them. How
would you find out?




Statistical inference in general

Population

Model

~o
S~
~o

Sample

Conclusions about the population is drawn from the sample with
assistance from a specified model
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Statistical Methods

72/139

A 2
a

Estimation




Population

Mean, L, is
unknown

Estimation Process

Random Sample

lam 95%
confident that p
is between 40 &

60.




Estimation Methods
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Point Estimation

We want to know the mean of a population. However, it is
unavailable.

Hence, we choose a sample data, and calculate from the
choosing sample data. Then estimate that the population is
also the same mean.

: concerns the choosing of a statistic, that is, a
single number calculated from sample data for which we have
some expectation, or assurance, that is reasonably close the
parameter it is supposed to estimate.



Point Estimation

Point Estimate: estimate a population parameter.

May be made by calculating the parameter for a
sample.
May be used to predict value for missing data.
Ex:

R contains 100 employees

99 have salary information

Mean salary of these is $50,000

Use $50,000 as value of remaining employee’s salary.

Is this a good idea?
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Point estimation of a mean

-1 Parameter: Population mean y2i
1 Data: A random sample

P X, X,,K, X
1 Estimator: —

X

-1 Estimate of standard error:



EX

Scientists need to be able to detect small amounts
of contaminants in the environment. Sample data is
listed as follows:

2.4 2.9 2.7 2.6 2.9 2.0 2.8 2224242025

Dotplot of sample

sample




EX of point estimation

1 Compute the point es’rima’ror X and estimate its
standard deviation T (also called the estimated
standard error of X ).

1 Solution: - %:2.483

X =
12

n

APy 2 2
_;(xi PRI ©75.08—(29.8)° /12

S2— = :izl

= =(.09788
n—1 n—1 12-1

Hence the estimated standard deviation is % = x/0.09788/12 =0.090
[ N



Bias or Unbias

is the estimation good enough?

EX.

In previous ex, as a check on the current capabilities, the
measurements were made on test specimens spiked with a
known concentration 1.25 ug/| of lead. That is the readings
should average 1.25 if there is no background lead in the
samples.

There appears to be either a bias due to laboratory
procedure or some lead already in the samples before they
were spiked.



Unbiased estimator

Let & be the parameter of interest and

N

6 be a statistic.

A statistic 63 is said to be an unbiased estimator, or
its value an unbiased estimate, the
mean of the sampling distribution of the estimator
equals @ , whatever the value of § .



Estimation Error

Bias: Difference between expected value and actual
value.

~

Bias = F(©) — ©

Mean Squared Error (MSE): expected value of the
squared difference between the estimate and the
actual value:

MSE(©) = F(© — 0)?

Why square?
Root Mean Square Error (RMSE)
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Jackknife Estimate

Jackknife Estimate: estimate of parameter is obtained
by omitting one value from the set of observed

values.
Treat the data like a population
Take samples from this population
Use these samples to estimate the parameter

Let O(hat) be an estimate on the entire pop.

Let e(i)(ha’r) be an estimator of the same form with
observation | deleted

Allows you to examine the impact of outliers!
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Maximum Likelihood Estimate (MLE)

Obtain parameter estimates that maximize the
probability that the sample data occurs for the
specific model.

Joint probability for observing the sample data by
multiplying the individual probabilities. Likelihood
function:

Maximize L.
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MLE Example

85
1 Coin toss five times: {H,H,H,H,T}

1 Assuming a perfect coin with H and T equally likely,

the likelihood of this sequence is:

5
L(p|1,1,1,1,0)=[] 0.5 =0.03.

1=1

1 However if the probability of a H is 0.8 then:

Lip|1,1,1,1,0) = 0.8 x 0.8 X 0.8 x 0.8 X 0.2 = 0.08.
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MLE Example (cont’d)

86|
1 General likelihood formula:

1 Estimate for p is then 4/5 = 0.8

© Prentice Hall



MLE Example (cont’d)

* Maximum likelihood estimate (MLE):

— Best estimation of parameter is the one that maximizes
the probability of training data in the likelihood
function



What is a Hypothesis Of a test?

T
7 A hypo-rhesis iS an 4 | assume the mean AGE of A
. this class is 50!
assumption about the -
. Am | ? TEST IT!
population parameter.| "™ <" p

A parameter is a
characteristic of the
population, like its
mean or variance.

The parameter must
be identified before
analysis.



The Null Hypothesis, H,

States the Assumption (numerical) to be
tested

e.g. Our class mean age is 50 (AH,: p=500)

Begin with the assumption that the null
hypothesis is TRUE.

(Similar to the notion of mnocem‘ until proven
guilty) s

The Null Hypothesis may or may not be rejected,but our aim
is to REJECT the null hypothesis!



The Alternative Hypothesis, H,

Is the opposite of the null hypothesis

e.g. The average age of our class is
different from 50 (H,: py #50)

Is generally the hypothesis that is
believed to be true by the researcher!



Identify the Problem

Steps:
State the Null Hypothesis

State its opposite, the Alternative
Hypothesis

Hypotheses are mutually exclusive &
exhaustive

Sometimes it is easier to form the
alternative hypothesis first.



Hypothesis Testing Process

Assume the

- TR

(Null Hypothesis)

_ The Sample
IS X:20 :50? Mean Is 20
No, not likely!
)
: - S
EEEEE
HENENN
111
111
Y

Null Hypothesis




Example

* Assume the null hypothesis is true (L= 350).

|)_c=355

u:350 'X =450

— Since the X is much larger than 350, the mean L is
likely to be greater than 350. Reject the null

hypothesis.

— In this case the mean L is not likely to be greater
than 350. Do not reject the null hypothesis.



Reason for Rejecting H,

Sampling Distribution

Our sample mean
(20) falls in the

. . we reject the null
tails!lt’s not likely!

hypothesis that § =

50.
HO

Hypotyzed population mean.

/ 20 p=>50 Sample Mean



Level of Significance, a

Defines the Rejection region

Typical value of ais 0.05. It Provides the
Critical Value(s) of the Test

+ Critical

Rejection Regions Value

oL “Area” of the

/ Rejection region




Level of Significance, o and the
Rejection Region

One tail (left) test

o Critical
HO: = 0 Va:ue(s)
Hi:p<0

Rejection Regions
HO: u — 0 One tail (right) test .
S
0

HO: u B 0 Two tails test
Hi:p=0 o2

/




Errors in Making Decisions

Type I Error

Reject Null Hypothesis when it is True
(“False Positive”)

Has Serious Consequences
Probability of Type I Error Is a
Called Level of Significance

Type IT Error

Do Not Reject Null Hypothesis when it is
False (“False Negative™)

Probability of Type II Error Is S (
Power 1- )



a & ﬂ Have an Inverse
Relationship
Reduce probability of one

error and the other one
goes up. ~ -

One possibility: Increase the sample sizellll



What is the p Value and how to use it in @
Test?

The p-value is the Probability of Obtaining a Test Statistic (under
Hy) more Extreme (<or >) than the observed Sample Value

Observed One tail test
Sample
Value

/p

Used to Make Rejection Decision
If p value <o <=> Reject Hy <=> SUCCESS

If p value>a <=> Do Not Reject Hy<=> FAILURE



Rejection Region (one tail)

Hy: 0 Hy: u 0

Hi: p<0 H: u>0
Reject H 0 /\ Reject H 0
) R t 0 t

Small values don’t contradict H, Don’t Reject
Must Be Significantly below U4 = 0 H,!



P-value Method

The p-value provides information about the amount of
statistical evidence that supports the alternative
hypothesis.

-

— The p-value of a test is the probability of observing a

\

test statistic at least as extreme as the one computed,
given that the null hypothesis is true.

\

/




P-value Method
Top [

The probability of observing a
test statistic at least as extreme as 178,
given that u = 170 is...

P(X > 178 when p =170)
178 - 170
65/ \/40

2.4615) =.0069
& 54

X =178 The p-value

Ky =



paired t-Test: s Unknown (rigth and left
eye)

Assumptions
Population is normally distributed
If not normal, only slightly skewed & a large
sample taken (Central limit theorem applies)

Parametric test procedure (sample stat. is
the sample mean!)

t test statistic, with n-1 degrees of
freedom




Interpreting the p-value
ios

Because the probability that the sample mean will
assume a value of more than 178 when u = 170 is
so small (.0069), there are reasons to believe that

uw>170.

Note how the event
X >178is rare under H,
when 11 =170, but...

...it becomes more
probable under H;,
when

. >170

H

o, >170
Xx=178



Interpreting the p-value
-

We can conclude that the smaller the p-value
the more statistical evidence exists to support the

alternative hypothesis.

o, >170
Xx=178



Interpreting the p-value
B

-1 Describing the p-value

0 If the p-value is less than 1%, there is overwhelming
evidence that supports the alternative hypothesis.

— If the p-value is between 1% and 5%, there is @
strong evidence that supports the alternative

hypothesis.

— If the p-value is between 5% and 10% there is a
weak evidence that supports the alternative
hypothesis.

— |f the p-value exceeds 10%, there is no evidence
that supports the alternative hypothesis.



The p-value method

The p-value can be used when making decisions as
follows:

X =17534

Define the hypotheses to test, and the required
significance level a.

Perform the sampling procedure, calculate the test
statistic and the p-value associated with it.

Compare the p-value to a. Reject the null hypothesis
only if p-value <a; otherwise, do not reject the null
hypothesis.

)
—

x=178



In few words the other tests:

If you want to compare more then two populations
means when you observe 1 characteristic: one way
Anova Test

If you want to compare more then two populations
means when you observe 2 characteristic: two
way Anova Test

If you want o compare two populations variance:
F-test

If you want to compare two populations
proportions: Chi-square test



Remark

If you have counts...or few data YOU ARE
NOT ALLOWED TO USE T-TESTII

Any test is build upon conjecture about the
shape of the null distributions...again if you
have few data or any doubt..please contact
us!

If you just want to have a summary about
your data, then use the descriptive
statistic excel sheet



Conclusions of a Test of Hypothesis
o

0 If we reject the null hypothesis, we conclude that
there is enough evidence to infer that the
alternative hypothesis is true.

o If we do not reject the null hypothesis, we
conclude that there is not enough stoitist

. . Ml The alternative hypothesi
evidence to infer that the alternativé® A
is the more important

is frue. one. It represents what
we are investigating.




