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MAI-102 (Mathematics II)
Assignment 2

(1) Which of the following maps F : R® — R? are linear transformations? Justify your answer.

(a) F(z,y,2) = (y,2)

(b) F({L‘,y, 2) - (‘T + Y, _Z)

(c) Flz,y,2) = (z+ 3,2+ 2y)
(d) F(z,y,2) = (|z],y + 2)

(e) F(z,y,2) = (2 + vy, 32)
(f) F(x,y,z) = (cosz,0,0)
(g) F(z,y,z) = (sinz,siny)

(2) (a) If F: R® — R? is defined by F(x,y,2) = (yz,2?), then find F(—1,2,3) and F~1(0,0).
Is F' a linear transformation?
(b) Suppose there is a one-one linear map F : R? — R2. Find F~*(0,0).

(3) (a) Give an example of linear transformation 7" on R? such that 72 # 0 but 7° = 0.
(b) Give examples of transformations S and T" on R? such that ST # 0 and T'S = 0.

(4) Let V' be the vector space of all n X n complex matrices. Let B be a fixed matrix in V.
Define T(A) = AB — BA. Show that T is linear.

(5) Does there exist:
(a) an injective linear map T : C* — C3?
(b) an injective linear map T : C3 — C??
(c) a surjective linear map T : R? — R3?
(d) a surjective linear map T : R3 — R??

(6) Let T : R® — R3 be defined by
T(r,y,2)=(x+2y — 2,y + 2,2 +y — 22).

Find a basis and the dimension of
(a) R(T), range/image of T,
(b) N(T'), kernel/null space of T

(7) Let T : R* — R3 be defined by
T(x,y,z,t)=(x—y+z+t,x —y+2z+t2c—2y+3z+4t, 3z — 3y + 4z + 5t).
Find a basis of
(a) R(T), range/image of T,
(b) N(T), kernel/null space of T

(8) Write matrices of the linear maps below. Find inverses, where they exist:
(a) T : R?* — R? defined by T'(x,y) = (v — y,x — 2y)
(b) T : R? — R3 defined by T'(z,y) = (z + y,x — 2y, 3z + y)
(c) T : R® — R3 defined by T'(z,y,2) = (x +y — 22,2 + 2y + 2,22 + 2y — 32)

(9) Consider the mapping T : R?* — R? defined by T'(x,y) = (3x + 4y, 2x — by).
Let By = {(1,0),(0,1)} and By = {(1,2),(2,3)}.
(a) Find the matrix A of T" with respect to basis B;.
(b) Find the matrix B of T" with respect to basis Bs.

(10) Consider the vector space Pslz| of all polynomials with real coefficients and of degree
atmost 3. Let D denote the differential operator on Ps[z]. If B; = {1,z,2? 23} and
By = {1+ x,x + 2% 2% + 23,2 + 23}, then
(a) Verify that By and B, are bases of Pj[z].
(b) Find the matrix A; of D relative to B;.

(c¢) Find the matrix Ay of D relative to Bs.
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(11) If a linear transformation 7' : R* — R? is such that
ker(T) = {(x1, 20, 23, 24) € R* | 21 = 5x9, 13 = T4},

then prove that T is surjective.
Does there exist a linear map 7" : R> — R? such that

ker(T) = {(x1, x2, x3, T4, T5) € R® | x1 = 3w9, 23 = x4 = w5}7

(12) (a) Verify Rank-Nullity theorem for T': Pa[z] — Maxo(R) defined by

F1) = £(2) 0
i) = (1057 8.

(b) Let T': PyJx] — Ps[z] be a linear transformation defined by

7)) =20 )+ [ 30
Show 7' is one-one but not onto.

(13) If T : R? — R? is a linear transformation such that 7'(1,1) = (1,0,2) and T(2,3) =
(1,—1,4), then find 7(8,11).
Does there exist a linear transformation 7' : R® — R? with 7(1,0,3) = (1,1) and
T(~2,0,-6) = (2,1)?

(14) (a) Let Plx] be the vector space of all polynomials with real coefficients. Define T :

]
Ple] - Pla] by x
_ /O o

Check whether 7' is linear transformation. Is 7" one-one? Is T onto?
(b) Let T': P[z] — Plx] be defined by T'f(x) = f'(x). Show that T is linear, onto but

not one-to-one.

ANSWERS
(1): (a), (b)
(2): (a) z-axis and y-axis, no (b) {0}
(3): (a) T(x,y, z) = (y+2, 2, 0) (not unique) (b) find two such matrices of order 2.
(5): (a) yes (b) 1o (<) no (d) yes
(6): (a) (1,0,1), (0,1, 1) (not unique), dim=2 (b) (3,-1,1), dim=1
(7): (a) (1,1,1),(0,1,2) (not unique), dim=2 (b) (2,1,-1,0),(1,2,0,1) (not unique), dim=2
§)8) (a) T™ 1)( y) = (2 —y,x — y) (b) does not exist (c) T (z,y,2) = (—8x —y + 52,5z +y —
z,—2x+ 2
3 4 —49 —76
(9): (a) A= (2 —5>(b) B = ( 30 47)
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(13): (a) T(8,11)=(5,-3,16) (b) No
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